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Abstract. The effects of an external alternating electric field on radiation by a charged
particle traversing an infinite isotropic dielectric with a uniform velocity v, exceeding the
phase velocity of light ¢/n, where n is the refractive index of the dielectric, are considered.
In the first case the field E = E, sin wy! is applied parallel to the direction of motion of the
particle and in the second case it is applied perpendicular to it. Exact formulae for the
energy loss due to Cerenkov and Doppler radiations are obtained and the loss is evaluated
for different applied alternating fields. In both cases it is found that the Cerenkov
radiation is reduced considerably. For the same field frequency and field strength, the
parallel field reduces Cerenkov radiation more effectively than the perpendicular one.
With the application of an external alternating electric field, Doppler radiation starts
appearing, reaches a maximum and decreases as the field intensity increases.

1. Introduction

The phenomenon of Cerenkov radiation has been studied extensively, both
theoretically and experimentally, since its discovery. Theoretical treatment is classical
as well as quantum mechanical and the main interest lies in finding the energy loss by
the charged particle. Ginzburg (1947) has indicated the possibility of obtaining
microwave radiation from the passage of fast electrons moving very close to a
dielectric of large refractive index when an alternating electric field is applied
perpendicular to the direction of motion of the electrons. Since then many workers
have tried to find out the effects of alternating fields on Cerenkov radiation. By
applying the method of images Diasamidze and Tavdgiridze (1972) have shown that
the intensity of Cerenkov radiation is reduced when an alternating electric field is
applied parallel to the direction of motion of the charge moving close to the boundary
separating two dielectrics. The effect of an intense monochromatic circularly
polarised wave on the system of a fast electron moving through a dielectric is
considered by Dementev et al (1972) and its effect on the intensity of Cerenkov
radiation is studied by applying the classical theory of fields. The effects of external
oscillating fields on Cerenkov radiation are discussed qualitatively and the case of an
oscillating magnetic field is studied in detail by Mysakhanyan and Nikishov (1974). In
this paper we have investigated the effects of an external alternating electric field on
Cerenkov radiation in an infinite isotropic dielectric medium. We have, in particular,
considered the interesting situation suggested by Ginzburg. In § 2 the field is applied
parallel to the direction of motion of electrons and in § 3 it is applied perpendicular to
it. In both the cases the intensities of Cerenkov and Doppler radiation are obtained.
It is found that very weak alternating fields have practically no effect on Cerenkov
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radiation while moderately strong fields suppress it considerably. For the same field
frequency and field strength, the parallel field reduces Cerenkov radiation more
effectively than the perpendicular one. Doppler radiation starts appearing with the
application of alternating electric field, attains a maximum value and then decreases.

2. Parallel field

Consider an electron moving with a uniform velocity vo along the z axis through a
medium characterised by dielectric constant ¢ and magnetic permeability . An
alternating electric field E = E, sin wo? is applied parallel to vo. Maxwell’s equations
for the electromagnetic field inside the medium for this situation are

V.D=4mp (1a)

vxg=_—1%8 (1b)
c at

V.B=0 (1c)
18D 4=

vxB=-22=-21

xB=2 "] (1d)

where the electric induction D = ¢E and the magnetic induction B = uH. Here

p=e8(x)8(y)8(z—z(t) 2)

j=pv 3)
are the charge and current densities respectively. Further

¥ = Do — ¥, COS ol = v, 4)

z(t) = vot — (vy/wo) sin wet 5)

where v, =eEy/mwo. We write Maxwell’s equations (1) as functions of vector and
scalar potentials in the form

2 52
°® —4mp
V-5 o=
¢ T e (6a)
194
E=-V¢-=-==
¢==, (6b)
B=VXA (6¢)
2,2
A —dru
viq4 -2 = .
2w ! (6d)

Here we have used the Lorentz gauge

2
v.a+L %,
c at

1/2

and the refractive index n=(en)’°. Comparison of equations for A and ¢ in
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equation (6) gives A = fn 24, where B = v/c. We find the solution of equation (6) in
the form

+a0

+0
Ax,y, z, t)=I J A(x, y, ks, ) e “* 7 dk, do. (7)

—a0

Using expansions of & functions and the relation
1asm0 Z ] (a) ello

where Ji(a) is the Bessel function of the first kind, we obtain from equation (3):

+00

+00 .+
(% v, 2, t)———6(x)6(y) z J' I dk, dw e'*: "“"a(w+1wo—k,uo)r,( ‘”“)

= wWo

(®)
Using equations (7) and (8) and transforming from the Cartesian coordinates (x, y, z)
to cylindrical ones (p, @, z), equation (6d) for A(p, k., w) takes the following form:

A 13A

104 2 zu
ap2+p 8p+ sA= mep 8(p)l=z_®.I,< )5(w+lw° ksvo) ®)

where s*=(w?n?/c?)—k2. Here A(p, k., ) is a cylindrical function satisfying the
Bessel equation everywhere except at the pole where p =0. For velocities of the
electron exceeding the phase velocity of light inside the medium, i.e. v>c¢/n or
Bn > 1, equation (9) gives the following solution for the radiation field for w > 0:

A, by )= 22N sp) B2

l=—c0

)8((0 +lwo— k,vo) (10)

where No(sp) is a Bessel function of the second kind, and a complex conjugate
expression for w<0. Using the asymptotic form of Ny(sp) and keeping terms cor-
responding to outgoing waves only, equations (9) and (10) give:

ieuv & (7 (7 dw dk, oy ( Ketu
Apzn=" ¥ [ [ T ¢ "22) 3 + o= kuvo) (11)

where x = k,z — wt +sp —}m. Integration with respect to k, can be performed by using
the & function. Substituting equation (11) into equations (6a) and (65) we get the
following expressions for the electromagnetic field components:

E =—e[.l.v2 Py J’+°°a)+lwo ( wvo 1 ) (w+lwov> (12)
T 03?15 ) r/(Z‘lTSp) (0 + lwo)v B2n2 wolo
ew I Iwo wdo 2 2 (w+1wo)202) kzvu>
E, =— X -
° VoV l=z—co ~c0 (211'Sp)e " \/(B " wzv% Jl( w9 (13)
and
ev (™ Vs (ko
et el
¢ C Vg /- \/(21Tp)e JI( wqo de (14)
E,=H,=H,=0. 15)

The total energy radiated by the electron through the surface of a cylinder of length /
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whose axis coincides with the line of motion of the electron is equal to

+

W =2mpl L, 4—9;(1; x H), dt. (16)
Using

r: e @M dr=2m(w +w")
and equations (12), (13), (14) and (15) we get

dW e*uv® = J’” WYy 1 2f @ +lwo )
== + - o). 17
a4 L), el ""°)((w+lwo)v an2)1'< woto © (17)

The expression for energy loss given by equation (17) is similar to that given in
equation (24) of Diasamidze and Tavdgiridze (1972) apart from the corrections that
the first term in the first large parentheses is not [w/(w + lwo)]* but [w/(w + ko) . vo/?]
and there is a multiplying factor of (v/vo)’ in equation (17) instead of (v/vo)°. Now
(v/ve) is a factor which depends on the intensity and frequency of the applied field.
Here, since v = vo+ v, and v, = eEy/mwo, there is, in principle, no restriction to the
field-dependent value of v,. For the weak field v, < vo and v/vo~1 so the case is
rather uninteresting since the energy loss is practically unchanged. Experimentally it
is possible to apply intense fields to the dielectric medium and we can get v, < vo and
also v,>vo. Now to analyse the results one should consider integrated values and not
the integrands as is done in Diasamidze and Tavdgiridze (1972). Putting w’'=w + lw,
equation (17) becomes

dW_pue’ v’ @ [J’“’ vo 1 \oo .,
s E E;—;;)I;(Aw)dw !

€ Volm=— v

@wolg
v

f T30’ dw’] (18)

where A = v,/wovo. Neglecting dispersion and using the following integrals of Bessel
functions

j J0w)do =L
o A
and
[, 7100)dow =10*07 )~ s Vin100)

equation (18) becomes

ﬂ’_uez v} e [29__ 1 )ﬁ 2 _ _lwovo]
= o L |3 5m) T en - s GenViem) =222 | (19)

where wn denotes the upper limit for the frequency up to which the Cerenkov
radiation condition, namely Bn(w)> 1, can be satisfied. Equation (19) represents the
radiation in the presence of an alternating electric field E applied parallel to the
electron velocity v, satisfying Bn(w)>1. The terms with index ! =0 give Cerenkov
radiation and those with /#0 correspond to Doppler radiation. Positive integral
values of index !/ give anomalous Doppler radiation which is emitted inside the
Cerenkov cone while negative integral values of / contribute to normal Doppler
radiation that appears outside the cone (Diasamidze and Tavdgiridze 1972, Frank
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1943). Putting index I =0 in equation (19) we obtain the following expression for
Cerenkov radiation:
dW pe’ v ( 1 )
—_— —(Jo(A +J3(A m
Ao\ B (o(wm) 1Awm))

= IC(J%(Awm)+Jl(Awm))- (20)

Equation (20) shows that the Cerenkov radiation in an alternating field has an
oscillatory behaviour. In the absence of the field, equation (20) reduces to the familiar
result given by Tamm and Frank (1937, 1967). The intensity of Cerenkov radiation
can be found very easily from equation (20) for any values of the field parameters,
namely E; and wo, for any region of interest wherever the Cerenkov radiation
condition 8n(w)>1 is satisfied.

3. Perpendicular field

Let us consider now the situation when E is perpendicular to vo. Let E be parallel to x
and oo be parallel to z. In this case the current density

J(x, y, 2z, t) = ev(8(x —x(1))0(y)8(z — z(1)))
where

Uz = —Uy COS wol, vu=¢eEy/mwg

v, = 0o, v, =0, x(t)= "o sin wot
wo
takes the following form:
oy +00 L +00 o+ .
j(x y, z, t) - vaﬂfy) E ‘[ J’ J dkx dkz dw el(k,x*—k:z—wt)
~-c0

l=—® J—o -0

X 8(w + lwo— zvo)J,( xvu) (21)
Let the vector potential A be expanded as
400 o +00 o+
Az y, z,0)= j’ J J' Alks, y, ks, ) e ®FEE790 qk dk, dw. (22)
-0 Y- J—c0

Substituting equations (21) and (22) in equation (6d) we get the following equation for
the vector potential A(k,, y, k., w):

2 —
Sorsta=u0) ¥ sk

ay l=—c0

Xv\.l

)8(w+1wo k.0) (23)

where s’2=(w2n2/c2)—k§—kf. Now the solution of equation (23) is given by the
Green function. Considering only outgoing waves we get the solution for A as
—ie k.vy e
Ak 3, ke 0)=5 %0 (72500 + oo koo 24)

= —c0

for @ >0, and a complex conjugate expression for @ <0. Substituting A(k,, y, k., @)
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from equation (24) into equation (22), we get

e +a0 +00 o+ o +0 -eix’ kxvu
A, y, 2, t)= ?_""v l;_:w J’_w j_w Lw dk, dk, dew TJ;( o )8((0 +lwo— k,v0),
(25)

where ' =k.x +k.z —wt+s'y. Using equations (25) and (6b) and expressing scalar
potential ¢ in terms of the magnitude of vector potential |A| we get

2 ;00 +00 o+ 2
e v (w +lwo) dw dk; ;. k,vu) wop 1 )
E.= 2mc? ?3 1;_00 I © I_w s’ € J'( Wo (vz(w + lwo) szn2 (26)

Now the energy loss by the charge per unit path length is the same as the energy
given out in the radiation. Hence

_dw
dz _eEz|x=x(r).y=0.z=vot
_e “ vz +00 +00 o+
- Y (0 +lwo) dew
27TC UOI—--ao -0 J—o0
2
WU 1\ dk. k,,vu>
- . 27
"((w+1wo)u2 anZ}s’(k,,w)JI( wo @7
Consider now the integral with respect to k, in equation (27):
+o0 dk
J :](bz——fz(/\ ky)
_w b/2)2‘1“(1/2)1“[(2l+1)/2] <(2z+1) 3i+1)) 'sz) 28)
3(+1) 2041, 1+1,1+1
where
w’n? v
b*=——k2, A== and Re(2I+1)>0.
(4 wo

Here »F3 denotes the hypergeometric function (Luke 1962).
Using equation (28) in equation (27) we get

dW_e_p, vl W /2)2‘1"(1/2)r[(21+1)/2]
E mwe Uol—_zoo (l+1) J ( +lw)dw
w Ug 21 2(2l+1):_ 2 21222
x(w+1wo'v—2_32n2)b (‘")ZF3('21+1,1+1,1+1 A b(“’)>' (29)

This is a general result giving radiation loss in the presence of a perpendicular
alternating electric field. The loss due to Cerenkov radiation is obtained by putting
I =0 in equation (29) while / # 0 corresponds to loss due to Doppler radiation. From
equation (29) we get the following expression for Cerenkov radiation:

dw ¢? " ® v 1
dz & c* U(Z)J‘ wdw(vg B n )2F3(

A’zbz(w)). (30)
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The upper limit of the above integral is replaced by w,,, the maximum frequency up to
which the condition for Cerenkov radiation, B*n*(w)>1, can be satisfied. Using
expansion of hypergeometric function .F3, and neglecting dispersion (i.e. taking
n = constant) and integrating term by term we get from equation (30):

_dw| (. Bin*- 3Bon’-1)
Iea="3, I=0-—Ic(1 . Bon =L pwm)+ e (e’
25 2.2 3 6 )
-1 m) ... 31
36863 Bo" Y (Awm) (31)
where
2 2 2 2
\_EuY ”O_L)ﬂ =
Ic= p v—g(gi 37522 A= Avo.

Expression (31) gives the intensity of Cerenkov radiation in the presence of a
perpendicular aiternating electric field. When E;=0 equation (31) reduces to the
familiar result of Tamm and Frank (1937, 1967). Here [ takes only positive integral
values, [ =+1,+2,..., and corresponding terms in equation (29) give anomalous
Doppler radiation, while normal Doppler radiation is forbidden in this case. Putting
I =+1in (29) we get the following expression for the first mode of Doppler radiation:

dw,
Ipep=—
Dop dz l1=4y
2 2 12 -] 2
e‘nvA J‘ w V) 1 )
= e— - — + — e ————
¢’ v(z) 8 J (@ mo)dw(cu+wov2 ’n®
xbz(w)2F3< 33 —A'sz(w)). (32)
3,2,2

Expanding the hypergeometric function ,Fj; in equation (32), integrating term by term
and using the fact that wn, » wo, we get

Inop = I&T5(Awny (Bon* = D[1-3(B5n° — L)(Awm) +3553(B5n° - 1)’ (Aom)
-8 (Bin’ - 1)’Aon)’+. . ] (33)

where I is the same as given above.

By using equations (19) with /=+1, (20), (31) and (33) we have calculated
intensities of Cerenkov radiation and Doppler radiation for a particular case of
B =0-998, n =1-221 for various values of Aw,, which depend on field parameters E,
and wo. The results of the calculations are shown graphically in ﬁgure 1.

The effect of an alternating electric field is to suppress Cerenkov radiation.
Reduction is slight when the field is weak while for moderately strong fields the
reduction is considerable. For the same value of field parameters, the parallel field
reduces Cerenkov radiation more effectively than the perpendicular one. With the
application of an alternating field, Doppler radiation starts appearing and varies with
paralle] and perpendicular external fields as is shown in figure 1.
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{Awy)

Figure 1. Variation of intensity of Cerenkov radiation (shown by A and A’ curves) and
Doppler radiation (shown by B and B' curves) with Awy, = eEqwn/ mwovo For curves A
and B, E is perpendicular to v and [ is in units of I while for A’ and B, E is parallel to oo
and I is in units of Ic.
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